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Abstract 
Smith, H.V., An algebraic study of an extension of a class of quadrature formulae, Journal of Computational 
and Applied Mathematics 37 (1991) 27-33. 
An extension of a class of quadrature formulae of the type first introduced by Kronrod is considered; in 
particular, we examine properties of the nodes and the signs of the weights. Several conjectures are suggested by 
the numerical results. 
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1. Introduction 
Let 
where w(x) represents any positive weight-function. In [4] the author investigated the quadrature 
formula obtained by approximating I(f) by 
Q,(f) = i fJr,if(xr,;) + “r$il (K,,if”‘(-1) + Kr’,if”‘(l)), 0.1) 
i=l 
where the weights H,,i, K,,i and K,:, and the Gaussian nodes x,,; were determined so that 
Q,(f) = It.0 f or all polynomials f of degree 2n - 1 or less; in particular [4] 
(i) the Gaussian nodes are the zeros of the (manic) polynomial p,,,(x) of degree r in x 
relative to the weight-function (1 - x*)~-~w(x) over the interval [ - 1, 11, 
(ii) H,,; > 0, i = 1,. . . , r, 
(iii) K,,; > 0, i = 0,. . . , n - r - 1, and 
(iv) (- l)iKr:i > 0, i = 0,. . . , n - r - 1. 
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In [5] the author then investigated an extension of the above quadrature rule obtained by 
approximating I(f) by 
Q!ext)(f) = i Ar,if Cxr,i> + ‘FBr,if Ctr,i> 
i=l i=l 
n-r-l 
+ iFo (G,if (i)( - l> + G:if ‘i’(1)) 9 0 4 
where the Gaussian nodes x,,~ are the same as those in (1.1) but the Kronrodian nodes t,,i and 
the weights A,,i, Br,i, Cr,i and Cr:i were determined so that (1.2) had maximum degree of 
exactness 2n + Y + 1. 
It is interesting to note that when r = n, (1.2) is simply an extension of the Gaussian 
quadrature rule [2] and, when r = n - 1, (1.2) is an extension of a generalised form of the 
Lobatto formula [3]. 
To continue, it is well known that the Kronrodian nodes t,,i must be the zeros of the (manic) 
polynomial P$+ 1 (x) of degree r + 1 in x orthogonal to all polynomials of degree less than or 
equal to Y with respect to 
(1 - x2rrPn,,b)w(x) 
over the interval [ - 1, 11. 
Although the polynomial p&+1 (x) exists uniquely, the zeros t, i need not lie inside the 
interval (- 1, 1) nor, for that matter, be real. In this paper we shall ‘investigate the reality and 
location of the Kronrodian nodes and the positivity of ( - l)‘C,Ii and of the weights A,,i, B,,i and 
C,,i in the case w(x) = (1 -x ) 2 ‘-l12. In particular, we shall determine intervals for h for which 
the following properties hold. 
(a) The Gaussian and Kronrodian nodes interlace, that is, assuming these nodes are real and 
ordered decreasingly, then 
- cc ( t, r+l < x, r < t,,, -c * * * < t,,2 -c X,,l < t,,, < 00. 
(b) In addition to interlacing all the Gaussian and Kronrodian nodes are contained in the 
interval (- 1, 1). 
2. 
(c) The Gaussian and Kronrodian nodes are real. 
We remark that when r = n, our results verify those in [l]. 
The nodes 
To begin, in the cases r = 1, 2, 3 or 4 it is not difficult to determine 
Pn,lb) = x7 pZ2(x) =x2- 3 2(a + 1) ’ 
P”,2(4 =.X2- 1 ’ =x3 - 2(u - 1) p;Jx) 2 a+l’ 
pn,3(x) =x3 - 3x p$(x) =x4- s + 
5(19 -u) 
2+-l) 4(u + 2)(u + 1)’ 
pn,4(x) = x4 - 3x2 
u-l + 4(u-&z-2)’ 
Table 1 
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1 -4 00 n>l -; 00 n>l I 2 CT, n>l 
2 -t 00 n>,2 0 00 n=2 I 2 00 n>2 
-: ca n>3 
3 -f 19-n 3<n<19 0 16 n=3 I 
* 19-n 3<n<19 
-: 19-n n>4 
4 -$ . co n>4 0 00 n=4 1 2 cc n>4 
-: 00 na-5 
P~5(x)=+ 
15X3 15( a + 16)x 
2(a+l) + 4(a+l)*(a+2) 
where a=n+X. 
As in [l], 
(i) property (a) is most easily settled by determining when the polynomials p,,,(x) and 
p&+,(x) first have a common zero, that is, by determining when their resultant first vanishes, 
(ii) property (b) is settled by noting that this is equivalent to p:,+,(l) > 0, and 
(iii) property (c) by noting that this is equivalent to determining when two Kronrodian nodes 
coincide, that is, by determining the appropriate zero of the resultant of p&+,(x) and p::+,(x). 
Following this prescription it is now an easy matter to deduce the results displayed in Table 1 
which shows the intervals X(,p) G A G A$‘) for which property (p), where (p) = (a), (b) or (c), holds. 
The above calculations for 5 < Y G 10 and for various values of n were repeated on the Prime 
9955 computer at Leeds Polytechnic using single precision, the results being checked by using 
double precision. From these results we conjecture that property (p) holds ‘in the interval 
h’,p’ < A < A$) where, in all cases, X(F) = - 1 2 except when (p) = (b) and r = n, in which case 
X’,b’ = 0 (see Table 2 for the values of A’,“)). 
3. The weights 
We shall now turn our attention to the positivity of the weights in (1.2). To begin, we remind 
ourselves that the interlacing property implies the positivity of the weights Br.i [5] and remark 
Table 2 
r n(a) A(b) r7 r nco r n 
5 13.1494082801- n 13.1830000561- n 5,...,13 
6 19.1085950564 - n 19.1107896727 - n 6,...,19 
7 12.8401376887- n 12.8401376887- n 7,...,13 
8 16.7386889750 - n 16.7555343902 - n 8,...,17 
9 14.2935342610 - n 14.2945466651- n 9,...,14 
10 17.3992715320- n 17.4237962746 - n io,...,i7 
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that it is not difficult, though sometimes tedious, to deduce the following expressions where r 
denotes r( 1) r( h + +)/r( h + 2) (formulae for the weights in (1.2) were. derived in [5]). 
r = 1, n = 2: 
3r A 
1.1 
= (2X + 1)(2X + 3)r 
3(h+2) ’ CL0 = Gl = q x + 2)(2X + 3) . 
r = 1, n = 3: 
A 
I,1 
= (2X + 1)(2X + 3)(2A + 5)r 
6(X+2)(X+3) 
C =C, = 3(16A2+74X+73)r 
’ ‘3’ “’ 4(h + 2)(A + 3)(2A + 5)* 
(the roots of this quadratic are - 1.42. . . and - 3.19. . . ), 
3(2h + l)r 
“J= -“J= 8(X+2)(X+3)(2X+5)’ 
r = 1, n = 4: 
A 
1,1 
= (2X + 1)(2X + 3)(2X + 5)(2X + 7)r 
12(X + 2)(h + 3)(X + 4) ’ 
c _ c, = 3(160X4 + 1960X3 + 8556X* + 15482A + 9617)r 
1.0 - 1.0 
8(X + 2)( A + 3)( A + 4)(2A + 7)3 
(the roots of this polynomial are - 1.36.. . , - 2.47.. . , the remaining two roots being complex), 
c,,, = - c,),, = 
3(68A* + 444X + 673)r 
64(X + 2)( h + 3)( A + 4)(2X + 7)* 
(the roots of this quadratic are - 4.13 . . . and - 2.39. . . ), 
3(2A + 1)(2X + 3)r 
c1*2=(-1)2c;*2= 64(X+2)@+3)@+4)(2A+7)’ 
r = 1, n = 5: 
A 
1,1 
= (2X + 1)(2A + 3)(2X + 5)(2X + 7)(2X + 9)r 
24(X+2)(X+3)(X+4)(X+5) ’ 
Co = Cr’o = 3[1280A6 + 29280X’ + 270544A4 + 1282992A3 
+ 3262896A* + 4169718h + 20586151 T 
~(16(h+2)(X+3)(X+4)(X+5)(2A+9)~)-~ 
(the roots of this polynomial are - 1.31. . . , - 2.43.. . , - 3.49. . . and - 5.21. . . , the remaining 
two roots being complex), 
C,,, = - C,l,, = 3(2X + l)[1424A4 + 22880A3 + 133896A* + 335880h + 3028051 r 
x(256(X + 2)(X + 3)(A + 4)(h + 5)(2h + 9)3)-’ 
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(the roots of this polynomial are -2.30.. . and - 3.46.. . , the remaining two roots being 
complex), 
C,,J = (- 1)2c;,2 = 
3(2X + 1)(2X + 3)(36A2 + 304A + 615)r 
256(X + 2)( A + 3)( h + 4)( h + 5)(2A + 9)2 
(the roots of this quadratic are - 5.08.. . and - 3.35.. . ), 
c,,, = (- l)3c;,3 = 
(2X + 1)(2X + 3)(2X + 5)r 
256(X + 2)(X + 3)(X + 4)(X + 5)(2h + 9) * 
r=2, n=3: 
3(X + 2)3(2h + 1)r 
A231 = A292 = (A + 3)(2X + 3)(5X + 8) ’ 
3(3A + 4)T 
c2*o=c;o= 4(h+l)(X+2)(h+3)(2X+3)’ 
r=2, n=4: 
A,,1 = A2.2 = 
3(2X + 1)(2X + 3)(X + 3)4r 
(A + 2)( h + 4)(5X + 13)(2X + 5)2 ’ 
c 
2.0 
= c, = 3(60X4 + 582X3 + 2066X2 + 3173X + 1769)r 
2.0 
8(X + 2)‘( h + 3)( h + 4)(2X + 5)2 
(the roots of this polynomial are - 1.47.. . and -3.33.. . , the remaining two roots being 
complex), 
c,,, = - c;,1 = 3(2h + 1)(3h + 7)r 
16(X + 2)2(X + 3)( h + 4)(2X + 5) . 
r=2, n=5: 
A -A - 
3(2X + 1)(2X + 3)(2A + 5)(X + 4)? 
2,l - 
2’2 - (A + 2)(X + 3)( h + 5)(2X + 7)3(5X + 18) ’ 
C2,0 = C;,. = 3[72OA’ + 16608A6 + 162080X5 + 865416X4 + 2722441X3 + 5026947A2 
+ 5019273X + 20754901 r 
~(16(X+2)(A+3)~(A+4)(X+5)(2h+7)~)-~ 
(the roots of this polynomial are - 1.41. . . , - 2.49.. . and - 3.37, the remaining four roots being 
complex), 
C,,, = - C;,r = 3(2X + l)[252A4 + 3424A3 + 17251X2 + 38163A f 312301 r 
x(128(X + 2)(h + 3)‘(X + 4)(A + 5)(2h + 7)2)-1 
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(the roots of this polynomial are - 2.46.. . and - 4.23.. . , the remaining two roots being 
complex), 
cl,2 = ( - q2c;,, = 
3(2X + 1)(2A + 3)(3X + 1O)r 
128(X + 2)(X f 3)2( A + 4)(h + 5)(2X + 7) * 
It is now an easy matter to see that when r = 1 and n = 2, 3, 4 or 5 or when r = 2 and n = 3,4 
or 5, then (- l)‘Crli, Cr,i, 0 6 i < n - r - 1, and the weights A,,i, 1 < i < r, are positive for X > - :. 
When r = 3 and n = 4 or 5 or when r = 4 and n = 5, expressions similar to the above are again 
obtained from which it again follows that (- l)iCr:i, Cr,i, 0 < i < n - r - 1, and the weights L!,,~, 
1 G i G r, are positive whenever X > - : except in the following cases. 
Y = 3, n = 4: 
A 
3.2 
= 2(2X+1)(2X+3)(2h+5)(2A2-3X-45)T >. 
15(X+2)(A+3)(h+4)(X-15) 
if - i < A < $(l + m) = 5.5523431781.. . 
r=3, n=5: 
A 
32 
= (2A + 1)(2X + 3)(2h + 5)(2X + 7)(2A2 + X - 46)r > o 
15@+2)(A+3)(h+4)@+5)(A-14) 
if - +<A< +<-1 +3J41)=9.1046863561... . 
r=4, n=5: 
A = A,,, = 
5(2X + l)( X + 4)2( H - V)r 
4.2 ~(X+~)(A+~)VV(~-~)(~X+~+W)(J-P)(A+~) ” 
if - i < X ( 50.7868606883.. where 
-=/y, 
and 
H=X(h+1)(X+3)2(X+4)(A+5)w, 
V= 2X6 + 54X5 + 561x4 + 2912A3 + 8019X2 + 11124h + 6048, 
J = 5X4 + 31X3 - 46X2 - 630A - 1008 
Table 3 
r -4, 
5 4.2388459015 
6 6.6571453588 
7 3.4759114573 
8 4.9524378395 
9 3.2497737619 
10 4.3753659922 
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Finally, we end by conjecturing that in the case of the generalised Lobatto quadrature rule for 
r= 5,..., 10 numerical results suggest - Cr:O, C,,0 and the weights A,,i, 1 < i < r, are positive in 
the intervals - : < X < A,, where the values of A, are given in Table 3. 
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